Abstract. The surface corresponding to the moduli space of quadratic endomorphisms of P 1 with a marked periodic point of order n is studied. It is shown that the surface is rational over Q when n ≤ 5 and is of general type for n = 6.
introduction
A classical question in arithmetic dynamics consists of studying periodic and more generally preperiodic points of a rational map (endomorphism) f : P 1 (Q) → P 1 (Q). A point p is said to be periodic of order n if f n (p) = p and if f i (p) = p for 0 < i < n. A point p is said to be preperiodic if there exists a non negative integer m such that the point f m (p) is periodic. In [FPS97, Conjecture 2], it was conjectured that if f is a polynomial of degree 2 defined over Q, then it admits no rational periodic point of order n > 3. This conjecture, also called Poonen's Conjecture (because of the refinement made in [Poo98] , see [HuIn12] ), was proved in the cases n = 4 [Mor98, Theorem 4] and n = 5 [FPS97, Theorem 1]. Some evidence for n = 6 is given in [FPS97, Section 10], [Sto08] and [HuIn12] . The bound n > 3 is given by the fact that the set of polynomials maps of degree 2 has dimension 3.
In this article, we study the case where f is not necessarily a polynomial but a rational map of degree 2. Since the space of such maps has dimension 5, the analog of the Poonen's conjecture would be to claim that there is no map defined over Q with rational periodic point of order n > 5. However, we will in fact show that there are infinitely many pairs (f, p), even up to automorphism of P 1 , such that f : P 1 (Q) → P 1 (Q) is a rational map of degree 2 defined over Q and p is a rational periodic point of order 6. This will be done by studying carefully the structure of the algebraic variety parametrising such pairs, called as usual the moduli space.
The study of the moduli spaces considered in this article is also motivated by some more general facts. For example Morton and Silverman stated the so-called Uniform Boundedness Conjecture (in [MS94] ). It says that the number of preperiodic points in P N (K), where K is a number field, of a morphism Φ : P N → P
N
The first author gratefully acknowledge support by the Swiss National Science Foundation Grant "Birational Geometry" PP00P2_128422 /1. of degree d ≥ 2 defined over K is bounded, by a number depending only on the integers d, N and on the degree D of the extension K/Q. It seems very hard to solve this conjecture, even in the case N = 1, D = 1, d = 2. As usually, the way to solve a problem in number theory starts with the study of the geometrical aspects linked to the problem. The moduli spaces studied in this article are some geometrical objects strictly related with the Uniform Boundedness Conjecture.
Let us now give a more precise structure to our moduli spaces. All our varieties will be algebraic varieties defined over the field Q of rational numbers, and thus also over any field of characteristic zero.
We denote by Rat d the algebraic variety parametrising all endomorphisms (rational functions) of degree d of P 1 ; it is an affine algebraic variety of dimension 2d + 1. The algebraic group Aut(P 1 ) = PGL 2 of automorphisms of P 1 acts by conjugation on Rat d . J. Milnor proved that the moduli space M 2 (C) = Rat 2 (C)/PGL 2 (C) is analytically isomorphic to C 2 [Mil93] . J.H. Silverman generalised this result in [Sil98] : he proved that for any positive integer d the quotient space M d = Rat d /PGL 2 exists as a geometric quotient scheme over Z in the sense of Mumford's geometric invariant theory and that Rat 2 /PGL 2 is isomorphic to A 2 Z . More recently, A. Levy [Levy11] proved that the quotient space M d is a rational variety for all positive integers d.
Let n ≥ 1 be an integer, and let M d (n) be the subvariety of Rat d ×(P 1 ) n given by the points (f, p 1 , . . . , p n ) such that f (p i ) = p i+1 for i = 1, . . . , n − 1, f (p n ) = p 1 and all points p i are distinct (note that studying (f, p 1 , . . . , p n ) or (f, p 1 ) is equivalent here). The variety M d (n) has dimension 2d + 1. For n ≥ 2, M d (n) is moreover affine, since Rat d is affine and the subset of (P 1 ) n corresponding to n-uples of pairwise distinct points of P 1 is also affine. The group PGL 2 naturally acts on M d (n), and M. Manes proved in [Man09] that the quotient M d (n)/PGL 2 exists as a geometric quotient scheme. 1 We will denote by M d (n) the quotient surface M d (n)/PGL 2 , which is an affine variety for n > 1 and d = 2. In [Man09, Theorem 4.5], it is shown that the surfaces M 2 (n) are geometrically irreducible for any n > 1 (a fact which is also true for n = 1), but not much is known about these surfaces.
The closed curve C 2 (n) ⊂ M 2 (n) corresponding to periodic points of polynomial maps is better known; it is rational for n ≤ 3, of genus 2 for n = 4, of genus 14 for n = 5, and its genus rapidly increase with n. Bousch studied this curves with an analytic point of view in his thesis [Bou92] and Morton with an algebraic point of view in [Mor96] . See [Sil07, Chapter 4] for a compendious of the known results on C 2 (n).
Note that M d (n) inherits the action of the automorphism σ n of order n which sends the class of (f, p 1 , p 2 , . . . , p n ) onto the class of (f, p 2 , . . . , p n , p 1 ). For n ≥ 5, the quotient surface M 2 (n)/ σ n parametrises the set of orbits of size n of endomorphisms of P 1 of degree 2 (see Lemma 2.1). The approach of Poonen's conjecture (done in [FPS97] , [Mor98] , [Sto08] ,. . . ) consists of studying the quotient curve C 2 (n)/ σ n , which has a lower genus than C 2 (n).
The aim of this article is to understand the geometry of M 2 (n) and M 2 (n)/ σ n for small n, i.e. to describe the birational type of the surfaces and if they contain rational points. Our main result is the following: Theorem 1.
(1) For 1 ≤ n ≤ 5, the surfaces M 2 (n) and M 2 (n)/ σ n are rational over Q.
(2) The surface M 2 (6) is an affine smooth surface, birational to a projective surface of general type, whereas M 2 (6)/ σ 6 is rational over Q.
We finish this introduction by detailing the technique we used to obtain this result, and especially the parts (2) and (3):
As we will show in §2.2, the variety M 2 (n) naturally embedds into P 5 × A n−3 , for n ≥ 3, and the projection on A n−3 yields an embedding for n ≥ 5. The surface M 2 (6) can thus be viewed, via this technique, as an explicit sextic hypersurface of A 3 . However, the equation of the surface is not very "nice", and its closure in P 3 has bad singularities (in particular a whole line is singular). Moreover, the action of σ 6 on M 2 (6) is not linear. We thus wanted to obtain a better description of M 2 (6).
Denoting by P 6 1 the moduli space of 6 ordered points of P 1 , modulo PGL 2 , the variety M 2 (6) admits an embedding M 2 (6) → P 6 1 . The variety P 6 1 can be viewed in P 5 as the rational cubic threefold defined by the following equations [DoOr88, Example 2, page 14] 3 can thus be explicitly computed; using tools of birational geometry we obtain that it is rational, so M 2 (6) is birational to a double covering of P 2 . The ramification curve obtained is the union of a smooth cubic with a quintic having four double points. Choosing coordinates on P 2 so that the action corresponding to σ 6 is an automorphism of order 3, and contracting some curves (see Remark 1.2 below) we obtain an explicit description of the surface M 2 (6):
The surface M 2 (6) is isomorphic to an open subset of the quintic irreducible hypersurface S 6 ⊂ P 3 given by
where
and the action of σ 6 corresponds to the restriction of the automorphism
(ii) The complement of M 2 (6) in S 6 is the union of 9 lines and 14 conics, and is also the trace of an ample divisor of P 3 : the points of M 2 (6) are points
Remark 1.2. The blow-up of the singular points of S 6 gives a birational morphism S 6 → S 6 , and the linear system |KŜ 6 | induces a double coveringŜ 6 → P 2 , ramified over a quintic and a cubic, corresponding to F 3 = 0 and F 5 = 0. One can also see that the surfaceŜ 6 is a Horikawa surface since c 2 = 46 = 5(c 1 ) 2 + 36.
This result is proved below, by directly giving the isomorphism (Lemma 4.1), which came from the strategy described below. The proof is thus significantly shorter than the way to obtain the formula.
From the explicit description, it directly follows that S 6 is of general type (Corollary 4.2). The set of rational points should thus not be Zariski dense, according to the weak Lang conjecture. We have however infinitely many rational points in M 2 (6), which are contained in the three elliptic curves given by the trace of XY Z = 0 on S 6 . But, for any number field K and for any finite fixed set S of places of K containing all the archimedean ones, the set of S-integral points of M 2 (6) is finite.
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Lemma 2.1. Viewing M 2 (n) in P 5 × A k , where k = n − 3 as before, and assuming that n ≥ 5, the projection P 5 × A k → A k restricts to an isomorphism from M 2 (n) with its image, which is locally closed in A k , and is an affine surface.
The inverse map sends (x 1 , . . . , x k ) onto (a 0 : · · · : a 5 ), where 
We now prove that the 3×4 matrix above has rank 3, if (f,
The third minor (determinant of the matrix obtained by removing the third column) is equal to −x 1 (x 1 − x k + x 2 x k − x 2 ). Since x 1 = 0, we only have to consider the case where x 1 = x k − x 2 x k + x 2 . Replacing this in the fourth minor, we get −x 2 (x k − 1)
2 (x 2 − 1)(x 2 − x 2 x k − 1 + 2x k ). Since x 2 , x k / ∈ {0, 1}, the only case is to study is when x 2 − x 2 x k − 1 + 2x k = 0. Writing x k = t, this yields (x 1 , x 2 , x k ) = (1 − t, 1−2t 1−t , t). The solutions of the linear system (2) are in this case given by a 1 = −a 3 t + a 4 and a 2 = −a 4 t, and yields a map f which is not an endomorphism of degree 2, since a 3 u + a 4 v is a factor of both coordinates.
The fact that the matrix has rank 3 implies that the projection yields an injective morphism π : M 2 (n) → A k . It also implies that we can find the coordinates (a 0 : · · · : a 5 ) of f as polynomials in x 1 , x 2 , x k . A direct calculation yields the formula given in the statement. It remains to see that the image π(M 2 (n)) is locally closed in A k , and that it is an affine surface. To do this, we describe open and closed conditions that define π(M 2 (n)). First, the coordinates x i have to be pairwise distinct and be different from 0 and 1. Second, we replace x 1 , x 2 , x k in the formulas that give a 0 , . . . , a 5 , compute the resultant Res(a 0 , . . . , a 5 ) (see §2.1) and ask that this one is not zero. These open conditions give the existence of an unique map f ∈ Rat 2 associated to any set x 1 , x 2 , x k . We then ask that f ([x i : 1]) = [x i+1 : 1] for i = 2, . . . , k − 1, which are closed conditions. This shows that M 2 (n) is locally closed in A k , and moreover that it is an affine surface since all open conditions are given by the non-vanishing of a finite set of equations.
Corollary 2.2. The surface M 2 (5) is isomorphic to an open affine subset of A 2 , and is thus smooth, and rational over Q.
The proof of the rationality of the surfaces M 2 (n) and M 2 (n)/ σ n for n ≤ 5 is done by a case-by-case analysis.
Note that the rationality of M 2 (n) implies that M 2 (n)/ σ n is geometrically rational (rational over the algebraic closure of Q), using for example unirationality. However, there exist rational surfaces with non-rational quotients, for example some double coverings of smooth cubic surfaces with only one line defined over Q. The contraction of the line in the cubic gives a non-rational minimal del Pezzo surface of degree 4, which admits a rational double covering [Man86, IV, Theorem 29.4].
Hence, the rationality of M 2 (n)/ σ n is not a direct consequence of the rationality of M 2 (n).
Lemma 3.1. The surface M 2 (3) and M 2 (4) are isomorphic to affine open subsets of A 2 and are thus smooth, and rational over Q. The surfaces M 2 (3)/ σ 3 and M 2 (4)/ σ 4 are also rational over Q.
and a point x ∈ A 1 which satisfy
This implies that
. The resultant of the map being equal to
we obtain an open affine subset of
The birational map κ :
, whose inverse is
This one has eigenvalues ±i over C, and denoting its eigenvectors by v 1 , v 2 , the invariant subring is generated, over C, 
The corresponding resultant being a 3 (a 3 + a 4 )(a 3 + a 1 )(a 1 + a 3 − a 4 ), the surface
The endomorphism gf g −1 being equal to
the automorphism σ 3 corresponds to the automorphism [a 1 : a 3 :
The affine plane where a 4 − a 1 − a 3 = 0 is invariant and the action, in coordinates
The quotient of A 2 by this action is rational over Q (see the proof of Lemma 4.5 below, where the quotient of the same action on A 2 is computed), so M 2 (3)/ σ 3 is rational over Q.
Lemma 3.2. The varieties M 2 (1), M 2 (2) and M 2 (2)/ σ 2 are surfaces which are rational over Q.
Proof. (i) Let us denote by U ⊂ M 2 (1) the open subset of pairs (f, p) where p is not a criticial point, which means here that f −1 (p) consists of two distinct points, namely p and another one. This open set is dense (its complement has codimension 1) and is invariant by PGL 2 . We consider the morphism
and observe that τ is a closed embedding. Moreover, the multiplicative group G m acts on
, and the orbits of this action correspond to the restriction of the orbits of the action of PGL 2 on U .
In consequence U/PGL 2 is isomorphic to
Hence, U/PGL 2 is rational, and thus M 2 (1) also.
(ii) We take coordinates where (ad − bc)bc = 0. The morphism
is a closed embedding. Moreover, the multiplicative group G m acts on W via (t, [a :
, and the orbits of this action correspond to the restriction of the orbits of the action of PGL 2 on M 2 (2).
In consequence M 2 (2)/PGL 2 is isomorphic to W/G m . Denote byŴ ⊂ P 3 the open subset where bc = 0, which is equal to Spec(Q[
, and the action of
, and is thus isomorphic to the singular rational affine hypersurface Γ ⊂ A 3 given by xz = y 3 . The variety W/G m ∼ = M 2 (2)/PGL 2 corresponds to the open subset of Γ where y = 1.
(ii) The map σ 2 corresponds to the automorphism [a :
) ofŴ , and to the automorphism
2 ) is thus generated by x + z, xz, y. Hence the quotient of Γ by the involution is Spec(Q[x + z, y]) = A 2 . This shows that M 2 (2)/ σ 2 is rational over Q.
Remark 3.3. The proof of Lemma 3.2 shows that M 2 (2) is an affine singular surface but that M 2 (2)/ σ 2 is smooth. One can also see that the surface M 2 (1) is singular, and that it is not affine. Denoting by π : S → P 2 the blow-up of these four points, the mapτ = π −1 τ π is an automorphism of the surface S. The four points being in general position (no 3 are collinear), the surface S is a del Pezzo surface of degree 5, and thus the anti-canonical morphism gives an embedding S → P 5 as a surface of degree 5. The map π −1 :
corresponds to the system of cubics through the four points, so we can assume, up to automorphism of P 5 , that it is equal to
and the choice made here implies thatτ ∈ Aut(S) is given by
The affine open subset of P 5 where x 0 = 0 has the following coordinates
, and is invariant. Diagonalising the action over
where ζ is a 5-th of unity, the eigenvalues are 1, ζ, . . . , ζ 4 . Writing µ 0 , µ 1 , . . . , µ 4 the corresponding eigenvectors, the field of invariant functions is generated by
In consequence, the field Q(S)τ is generated by x 1 and by all invariant homogenous polynomials of degree 2 and 3 in x 2 , . . . , x 5 . The invariant homogeneous polynomials of degree 2 in x 2 , . . . ,
This shows that the field of invariants Q(S)τ is generated by x 1 , v 2 , v 3 . In consequence, the map S A 3 given by (x 1 , v 2 , v 3 ) factors with a birational map from S/τ to an hypersurface S ′ ⊂ A 3 , and it suffices to prove that this latter is rational. To get the equation of the hypersurface, we observe that 3 + 10v 2 + 11v 
We do another change of coordinates, which is κ = Remark 3.5. The proof of Lemma 3.4 could also be seen more geometrically, using more sophisticated arguments. The quotient of (P 1 ) 5 by PGL 2 is the del Pezzo surface S ⊂ P 5 of degree 5 constructed in the proof. The action of σ 5 on S has two fixed points over C, which are conjugated over Q. The quotient S/σ 5 has thus two singular points of type A 4 , and is then a weak del Pezzo surface of degree 1. Its equation in a weighted projective space P(1, 1, 2, 3) is in fact the homogeneisation of the one given in the proof of the Lemma. The fact that it is rational can be computed explicitely, as done in the proof, but can also be viewed by the fact that the elliptic fibration given by the anti-canonical divisor has 5 rational sections of self-intersection −1, and the contraction of these yields another del Pezzo surface of degree 5. Moreover, any unirational del Pezzo surface of degree 5 is in fact rational.
The surface M 2 (6)
4.1. Explicit embedding of the surfaces M 2 (6) into S 6 . Using Lemma 2.1, one can see M 2 (6) as a locally closed of A 3 . However, this one has an equation which is not very nice, and its closure in P 3 has bad singularities (in particular a whole line is singular). Moreover, the action of σ 6 on M 2 (6) is not linear. We will then take another model of M 2 (6) (see the introduction for more details how this model was found), and view it as an open subset of the projective hypersurface S 6 of P 3 given by
The following result shows that it is a projectivisation of M 2 (6) which has better properties, and directly shows Proposition 1.1: 
Then, the following hold: (i) The map ϕ restricts to an isomorphism from M 2 (6) ⊂ A 3 to the open subset of S 6 which is the complement of the union of the 9 lines
and of the 14 conics
Moreover, the union of the 23 curves is the support on of the trace on S 6 of 
and its orbit of 6 points is given by
Proof. The explicit description of ϕ and ϕ −1 implies that ϕ restricts from an isomorphism U → V , where U ⊂ A
3 is the open set where y(y − 1)(x − z) = 0 and V ⊂ P
3 is the open set where
3 is contained in U , ϕ restricts to an isomorphism from M 2 (6) to its image, contained in V . Replacing 
so the action of σ 6 onto M 2 (6) ⊂ A 3 is the restriction of the birational map of order 6 given by
Assertion (ii) is then given by observing that
In order to get (i), we need to show that the complement of M 2 (6) ⊂ S 6 is the union of L 1 , . . . , L 9 and C 1 , . . . , C 14 , and that it is the set of points given by 
which is the union of L 1 , L 2 , . . . , L 6 and C 1 and C 2 because the linear system of quadrics given by
with (λ : µ) ∈ P 1 corresponds to
and thus its base-locus is the union of C 1 and C 2 .
2) Replacing W = X in the equation of S 6 yields (X + Z)(Y + X) 2 (X 2 + XY + 3XZ − Y Z) = 0, so the trace of W = X on S 6 is the union of L 4 , L 5 and C 3 .
3)
Applying the automorphism [W :
, we obtain that the union of L 1 , . . . , L 9 , C 1 , . . . , C 14 is given by the trace of W 2 +XY +Y Z +XZ = 0 and all hyperplanes of the form x i ± x j where x i , x j ∈ {W, X, Y, Z} are distinct. This shows that (i) implies (ii).
The steps (1) − (4) imply that the complement of S 6 ∩ V in S 6 is the union of the lines L 1 , . . . , L 8 and the conics C 1 , C 2 , C 3 , C 6 .
On the affine surface S 6 ∩ V , the map ϕ −1 is an isomorphism. To any point [W : X : Y : Z] ∈ S 6 ∩ V we associate an element of P 5 , via the formula described in (iii), which should correspond to an endomorphism of degree 2 if the point belongs to M 2 (6). Computing the resultant with the formula of §2.1, we get a polynomial R with many factors:
The surface M 2 (6) is thus the complement in S 6 of the curves L 1 , . . . , L 8 , C 1 , C 2 , C 3 , C 6 , and the curves given by the polynomial R. The components (W − X)(W + Y )(W 2 +XY +XZ +Y Z)(Z −X) have been treated before. In particular, this shows (using again the action given by σ 6 ) that each of the curves L 1 , . . . , L 9 , C 1 , . . . , C 14 is contained in S 6 \M 2 (6). It remains to see that the trace of any irreducible divisor of R on S 6 is contained in this union. The case of (W 2 + XY + XZ + XY ) and all factors of degree 1 has been done before, so it remains to study the last four factors. Writing Γ = W 2 F 3 − F 5 , which is the polynomial defining S 6 , we obtain
The last two factors being in the image of these two factors by [W :
Corollary 4.2. The variety M 2 (6) is an affine smooth surface, which is birational to S 6 , a projective surface of general type.
Proof. Computing the partial derivatives of the equation of S 6 , one directly sees that it has exactly 11 singular points, two being fixed by
and the union of the 9 others consists of an orbit of size 3 and an orbit of size 6: Since no one of the points belongs to M 2 (6), viewed in S 6 using Lemma 4.1, the surface M 2 (6) is smooth. The complement of M 2 (6) in S 6 being the trace of an homogeneous polynomial (by Lemma 4.1(ii)), the surface M 2 (6) is affine. It remains to see that S 6 is of general type. The point [1 : 0 : 0 : 0] is a triple point, and all other are double points. Denoting by π :P 3 → P 3 the blow-up of the 11 points, the strict transformŜ 6 of S 6 is a smooth surface.
We denote by E 1 , . . . , E 11 ∈ Pic(P 3 ) the exceptional divisors obtained (according to the order above), and by H the pull-back of a general hyperplane of P 3 . The ramification formula gives the canonical divisor KP 3 = −4H + 2 11 i=1 E i . The divisor ofŜ 6 is then equivalent to 5H − 3E 1 − 2 11 i=2 E i . Applying adjunction formula, we find that KŜ 6 = (KP 3 +Ŝ 6 )|Ŝ 6 = (H −E 1 )|Ŝ 6 . The linear system H −E 1 corresponds to the projection P The map KŜ 6 |KŜ 6 | −→ P 2 is thus surjective, which implies thatŜ 6 , and thus S 6 , is of general type.
Remark 4.3. One can see that the divisor ofŜ 6 given by D = 1≤i≤9L i + 1≤i≤14Ĉ i is normal crossing, where theL i 's and theĈ i 's are the lines and the conics inŜ 6 associated to the L i 's and C i 's in S 6 . This follows from the study of the intersections of the L i 's and C i 's in S 6 . They are not normal only in the following situations: i) C 3 ∩ C 9 = {[0 : 0 : 1 : 0]} and the curves have a common tangent line, which is W = X = Z. By applying the automorphism σ 6 we obtain that the intersection is not normal also in C 6 ∩ C 14 , C 7 ∩ C 11 , C 4 ∩ C 10 , C 5 ∩ C 13 and C 8 ∩ C 12 . Remark that in each of the previous cases the intersection point is a singular point of S 6 and the multiplicity of intersection is 2 because the intersection point is between two no coplanar conics. Therefore inŜ 6 the intersections become normal.
ii Note that all the three intersection points, in particular [1 : 0 : 0 : 0], are singular points of S 6 . HenceĈ 9 andĈ 10 have normal crossings inŜ 6 . By applying the automorphism σ 6 we find the similar situation with C 11 ∩ C 12 and C 13 ∩ C 14 .
Therefore the divisor D ofŜ 6 is normal crossing.
Remark 4.4. The condition for the divisor at infinity to be normal crossing is sometimes connected to the notion of integral points of surfaces (see Section 4.4 for the definition of S-integral point). For example in this direction see the Vojta's conjecture [Voj87] . In our situation it will be very easy to prove the finiteness of integral points of M 2 (6) and we shall prove this in Section 4.4. But in general the study of the integral points on surfaces could be a very difficult problem. See for example [CZ04] for some results in this topic.
4.2. Quotients of M 2 (6). It follows from the description of M 2 (6) ⊂ S 6 given in Lemma 4.1 that the quotient (M 2 (6))/ (σ 6 ) 3 is rational over Q. Indeed, the quotient map corresponds to the projection M 2 (6) → P 2 given by [W :
3 is the trace of the equation F 5 = 0 on the open subset U. We now describe the other quotients:
2 is birational to a projective surface of general type, but the quotient (M 2 (6))/ σ 6 is rational. X+Y +Z on this plane, and obtain that the action of µ on A 2 corresponds thus to (x 1 , x 2 ) → (x 2 , −x 1 − x 2 ). Diagonalising the action over Q [ω] , where ω is a third root of unity, the eigenvalues are ω, ω 2 . Writing w 1 , w 2 the eigenvectors, the invariant ring is generated by w 1 w 2 , (w 1 ) 3 and (w 2 ) 3 . In consequence, the ring Q[x 1 , x 2 ] µ is generated by the invariant homogeneous polynomials of degree 2 and 3. An easy computation gives the following generators of the vector spaces of invariant polynomials of degree 2 and 3:
2 / µ is equal to the affine singular cubic hypersurface of A 3 defined by the corresponding equation. The projection from the origin gives a birational map from the cubic surface to P 2 , hence A 2 / µ , and thus M 2 (6)/ σ 6 , is rational over Q. W , and the action of (σ 6 ) 4 (which is the inverse of (σ 6 ) 2 ) corresponds
, where v 1 , v 2 , v 3 are polynomials of degree 2, 3, 3 in x 1 , x 2 , which are the same as above.
This implies that the quotient of A 3 by (σ 6 ) 2 is the rational singular three-
). The trace of the equation of S 6 on A 3 being given by the equation
2 is birational to the hypersurface of V given by the above equation, which is birational, via the map V P 3 defined above, to the quintic hypersurface of P 3 given by
We can see that [1 : 0 : 0 : 0] is the only triple point of this surface, and that all other singularities are ordinary double points. As in the proof of Corollary 4.2, this implies that the surface is of general type.
4.3. Rational points of M 2 (6). The Weak Lang conjecture asserts that the rational points of M 2 (6) should not be Zariski dense. In particular, they should be contained in a finite number of elliptic curves and rational curves, except maybe finitely many of them. The projective surface S 6 contains many rational curves, at least the 23 irreducible rational curves of S 6 \ M 2 (6), but we do not know if one rational curve meets M 2 (6). However, we can prove that M 2 (6) contains infinitely many rational points, by looking at elliptic curves: Lemma 4.6. The trace on M 2 (6) of the polynomial XY Z = 0 is the union of three isomorphic elliptic curves, which contain infinitely many rational points.
Proof. Acting by the automorphism [W :
, it is sufficient to only consider the curve defined by Z = 0. Replacing Z = 0 in the equation of S 6 , we obtain
This is a singular plane curve of degree 5, birational to the smooth elliptic curve E ⊂ A 2 given by (3)
We show that E has positive Mordell-Weil rank by showing that the points (0, ±1) ∈ E have infinite order. According to the duplication formula in [ST92, p.31] we have that the x coordinate of 2(x, y) is x 4 − 6x 2 − 8x − 7 4x 3 + 16x 2 + 12x + 4 .
Note that the x coordinate of 2(0, 1) is −7/4. Hence (−7/4, 13/8) ∈ E. The NagellLutz Theorem (e.g. see [ST92, p.56] ) implies that (−7/4, 13/8) is not a torsion point. According to Lemma 4.1, the curve E meets the boundary S 6 \ M 2 (6) in finitely many points, therefore infinitely rational points of E belongs to M 2 (6).
Lemma 4.6 yields the existence of infinitely many classes of endomorphisms of P 1 defined over Q which admit a rational periodic point of primitive period 6. Below we give an example by using the previous arguments. Apart from the elliptic curves in S 6 corresponding to XY Z = 0, there are other elliptic curves which can be founded using the special form of the equation of S 6 . The following lemma shows that no one of these curves provides a rational point of M 2 (6).
Lemma 4.8. The trace on S 6 of the hyperplanes W = ±(X + Y + Z) is the union of two conics, contained in S 6 \ M 2 (6), and two isomorphic elliptic curves, which contain only finitely many rational points, all contained in S 6 \ M 2 (6) too. 
The first factor corresponds to the conic C 1 ⊂ S 6 \ M 2 (6) (Lemma 4.1) and the second yields a smooth plane cubic E ⊂ S 6 birational to the elliptic curve E ⊂ P 2 given in Weierstrass form by y 2 z = 4x 3 + z 3 via the birational transformation ψ ∈ Bir(P 2 ) given by
whose inverse is given by
Note that the image of ψ(E \ It is clear that the three points are in E. Conversely, let [x : y : z] ∈ E be a rational point. We can assume that x, y, z are integers with no common factor. The equation of E corresponds to (4) 4x 3 = z(y − z)(y + z),
and we need to show that x = 0. The fact that x, y, z have no common factor implies that y, z are coprime. Hence, gcd(z, y −z) = gcd(z, y +z) = 1 and gcd(y +z, y −z) = gcd(y + z, 2z) ∈ {1, 2}.
If gcd(y + z, y − z) = 1, both y + z and y − z are odd. Decomposing 4x 3 = z(y − z)(y + z) in primes yields thus the existence of three integers α, β, γ with z = 4α 3 , y − z = β 3 and y + z = γ 3 .
(2α) 3 = 8α 3 = 2z = (y + z) − (y − z) = γ 3 + (−β) 3 .
The easiest case of Fermat theorem implies that αβγ = 0, which yields x = 0. The remaining case is where gcd(z, y − z) = gcd(z, y + z) = 1 and gcd(y + z, y − z) = 2. This implies that z is odd, so 2z = (y + z) − (y − z) / ∈ 4Z and 4 does not divide both y + z and y − z. This yields the existence of three integers α, β, γ with z = α 3 , y − z = 2β 3 and y + z = 2γ 3 . Hence, α 3 = γ 3 − β 3 , which again yields αβγ = 0, and thus x = 0.
4.4. S-integral points of M 2 (6). In this section we consider the S-integral points of M 2 (6) viewed as S 6 \ D where D is the effective ample divisor D = 1≤i≤9 L i + 1≤i≤14 C i and the lines L i and the conics C i are the one defined in Lemma 4.1. We shall apply the so called S-unit Equation Theorem, but before to state it we have to set some notation.
Let K be a number field and S a finite set of places of K containing all the archimedean ones. The set of S-integers is the following one: This result, due to Mahler, was proved in some less general form also by Siegel. Theorem 5 can be viewed as a particular case of the result proved by Beukers and Schlickewei in [BeSc96] that gives also a bound for the number of solutions.
We recall briefly the notion of S-integral points. Let X ⊂ A n be an affine variety defined over a number field K with O its ring of algebraic integers. Let K[X] be the ring of regular functions on X. Recall that K[X] is a quotient of the polynomial ring K[x 1 , x 2 , . . . , x n ]. Denote by O S [X] the image in this quotient of the ring O S [x 1 , x 2 , . . . , x n ]. If P = (p 1 , p 2 , . . . , p n ) is a point of X which coordinates are all S-integers, then P defines a morphism of specialisation φ P : O S [X] → O S . It is clear that also the viceversa holds, that is for any such a morphism corresponds a point P ∈ X with S-integral coordinates.
LetX be a projective variety, D an effective ample divisor onX and X =X \ D. Also, by considering an embeddingX → P n associated to a suitable multiple of D, we can see D as the intersection ofX with the hyperplane H at infinity. By choosing an affine coordinate system for P n \ H, we can consider the ring of regular functions O [X] . Note that the choice of the ring O[X] gives an integer model for X. We can define the set X(O S ) of the S-integral points of X as the set of morphisms of algebras O[X] → O S . There is a bijection between this set and the points of X which reduction modulo p are not in D.
For example it is possible to see that Theorem 5 implies that there are only finitely many S-integral points in P 1 \ {0, ∞, 1}. To see this consider the ring of regular functions
therefore the set of S-integral points of P 1 \{0, ∞, 1} correspond to the morphism O S T, T −1 , (T − 1) −1 → O S . But these morphisms are the specialisation of T in a S-unit u such that 1 − u is a S-unit too. Therefore if we denote by v = 1 − u we obtain the equation u + v = 1; by Theorem 5 it follows that there are only finitely many possible values for the S-unit u.
As a direct application of the previous arguments we prove the following result:
